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Abstract

Laplace transforms are an integral part of control problems in en-
gineering systems. However a clear explanation of the relationship
of Laplace transforms with the differential equation formalism is
difficult to find for coupled differential equations. Here we describe
this relationship by breaking up the system of differential equations
into simpler blocks and relating it to the the corresponding Laplace
transforms.

The system

An open system where a solid object is being heated up is a stan-
dard component of many applications. One such solid that gets
used in the design of baby warmers is a polycarbonate sheet. Here
we analyze the case of an open system made up of a polycarbonate
block being heat up by a source of temperature sin in presence of a
proportional control of the source heat given by c1(Th − Tp). The
polycarbonate block gains energy from

Let us consider the heating of apolycarbonate block using propor-
tionate control given by,

dTh
dt

= sin − c1(Th − Tp) (1)

dTp

dt
= c1(Th − Tp)− c2(Tp − To) (2)

in terms of Laplace transforms. Here we assume that the constants
c1, c2 and input to the heater, the source term sin are appropriately
defined using relevant dimensions.

We break the problem down into the following cause and effect
reasoning for deciding the input and output of the Laplace transfer
function blocks.
(1) An input power sin that causes the heater temperature Th to rise.
In the first transfer function block the Laplace transform of sin is the
input and the Laplace transform for Th is the output.
(2) The heater temperature Th causes rise in the polycarbonate tem-
perature Tp using convection. Thus in the next block the Laplace
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transform for Th is the input and the Laplace transform for Tp is the
output.
(3) Proportional control of the source is represented by the feedback
loops that take in Tp and Th and feed back with amplification factors
c1 and −c1 respectively to the source.

To = 0 can be assumed to be zero, which is equivalent to working
with the shifted temperature scale T − To. In this new temperature
scale, the system of differential equations becomes,

dTh
dt

= sin − c1(Th − Tp) (3)

dTp

dt
= c1(Th − Tp)− c2Tp (4)

We shall describe the connection of this system of linear coupled
differential equations with the corresponding block diagrams using
Laplace transform using cause and effect analysis.

step-1

Consider on the part of the system where the input to the system sin
gives rise to the heater temperature Th. Here we neglect the Polycar-
bonate completely. The equation of the system is,

dTh
dt

= sin(t)

We shall consider the general case where sin is a function of time.
Taking Laplace transforms of both sides,

sHh(s)− Th(0) = Sin(s)

Assuming Th(0) = 0, i.e., the heater is at the room temperature to
start with, the transfer function for this part of the system is,

G1(s) =
1
s

When the temperature Th is fed back into the heat source one gets the
resultant differential equation,

dTh
dt

= sin(t)− c1Th

In the diagram of the Laplace transfer function, This loop com-
bined with the heater block can be represented by a new transfer
function block,

G′1(s) =
G1

1 + c1G1
=

1
s + c1
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step-2

Next let us consider only that part of the system where the heating
element temperature, Th is input to the system and the Polycarbonate
temperature Tp is the output. This part of the system is modeled by,

dTp

dt
= c1(Th − Tp)− c2Tp

Writing the same equation in s-space, and as in step-1,

sHp(s) = c1(Hh(s)− Hp(s))− c2Hp(s)

The transfer function for this part of the system is,

G2(s) =
c1

s + c1 + c2

step-3

The remaining system now consists of input sin, the linearly con-
nected blocks, G′1 and G2 and the feedback loop from Tp to the input.
Making up the complete system of differential equations,

dTh
dt

= sin − c1(Th − Tp) (5)

dTp

dt
= c1(Th − Tp)− c2Tp (6)

The blocks G′1 and G2 can be combined together again as a block
with the transfer function,

G′2 = G′1G2 =
c1

(s + c1)(s + c1 + c2)

and the feedback loop from Tp to sin gives the transfer function for
the combined open system,

Gopen =
G′2

1− c1G′2
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After substitutions, the transfer function of the system can be
written as,

Gopen =
c1

(s + c1)(s + c1 + c2)− c2
1

Comparing with the eigenvalues

Writing the system in the matrix form,

d
dt

(
dTh
dt

dTp
dt

)
=

(
−c1 c1

c1 −c1 − c2

)(
sin

0

)

It can be seen that the characterictic polynomial of the matrix is
the same as the denominator of Gopen.

summary

Using transfer functions for analysis of long time behavior of a linear
control system has multiple advantages, in terms of flexibility and
modularity, however for coupled systems of differential equations
a direct connection between the differential equations, the physi-
cal causes and effects and their connection to the Laplace transfer
functions may often not be easy to see. Here we breakdown an en-
gineering control problem in smaller steps and connect these three
ways of analyzing systems.
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